Given growing interest in optical-frequency magnetic dipole transitions, we use intermediate coupling calculations to identify strong magnetic dipole emission lines that are well suited for experimental study. The energy levels for all trivalent lanthanide ions in the 4f n configuration are calculated using a detailed free ion Hamiltonian, including electrostatic and spin-orbit terms as well as two-body, three-body, spin-spin, spin-other-orbit, and electrostatically correlated spin-orbit interactions. These free ion energy levels and eigenstates are then used to calculate the oscillator strengths for all ground-state magnetic dipole absorption lines and the spontaneous emission rates for all magnetic dipole emission lines including transitions between excited states. A large number of strong magnetic dipole transitions are predicted throughout the visible and near-infrared spectrum, including many at longer wavelengths that would be ideal for experimental investigation of magnetic light-matter interactions with optical metamaterials and plasmonic antennas.
I. INTRODUCTION
The natural optical-frequency magnetic dipole (MD) transitions in trivalent lanthanide ions have attracted considerable attention in recent years for their ability to interact with the magnetic component of light. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] Although most light-matter interactions are mediated by electric fields through electric dipole (ED) transitions, the intra-4f n optical transitions of the lanthanide series are well-known to include strong MD contributions.
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Spurred by recent advances in optical metamaterials and nanophotonics, researchers have proposed a variety of ways to leverage natural MD transitions, e.g. as the building blocks for homogeneous negative index materials 1 and as probes for the local magnetic field.
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Experimental studies have also demonstrated how the competition between ED and MD processes can be used to achieve strong enhancement of MD emission 7 and to broadly tune emission spectra.
8 Numerical investigations have shown how the enhanced magnetic field in and around metal and dielectric nanostructures can promote MD transitions, [9] [10] [11] [21] [22] [23] [24] illustrating how near-field enhancements can modify optical selection rules to promote higher order (ED forbidden) optical processes.
4,25-35
Recent studies have focused primarily on the visible 5 D 0 → 7 F 1 MD transition in trivalent Europium (Eu 3+ ) and the near-infrared 4 I 13/2 → 4 I 15/2 MD transition in trivalent Erbium (Er 3+ ). [1] [2] [3] [5] [6] [7] [8] The emphasis on these transitions is not surprising, because they have a long history of scientific and technological importance. The 5 D 0 → 7 F 1 MD transition in Eu 3+ near 588 nm was first characterized in 1941 12 and subsequently used by Drexhage, 13 Kunz and Lukosz 14 in their authoritative studies of modified spontaneous emission. More recently, spontaneous emission from the Eu 3+ MD transition has served as a reference standard in studies of local field effects [15] [16] [17] and ligand environments. 36 The Er 3+ 4 I 13/2 → 4 I 15/2 transition, emitting near 1.5 µm, is widely used for fiber amplifiers in optical telecommunication. The ED and MD contributions to this mixed transition were investigated as early as 1967 by Weber.
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More recently, Er 3+ has been used to demonstrate modifications in the local density of optical states 37 as well as stimulated emission along surface plasmon waveguides. 38 From an experimental perspective though, it would be helpful to identify additional MD transitions, especially in the near infrared range from 700 − 1000 nm. As compared to the 588 nm visible transition in Eu 3+ , optical nanostructures are much easier to fabricate for longer wavelengths, and at longer wavelengths, plasmonic resonances also exhibit higher quality-factors due to lower Ohmic losses. In contrast to the 1.5 µm line in Er 3+ , transitions at wavelengths shorter than 1000 nm can be readily observed with high efficiency using standard silicon photodetectors. In this paper, we explicitly calculate MD transitions over all possible excited energy levels in the trivalent lanthanide series. We also implement a more complex model for the free ion Hamiltonian, including not only the electrostatic and spin-orbit interactions but also two-body, three-body, spin-spin, spin-other-orbit, and electrostat-ically correlated spin-orbit interactions. This model is then used to identify all non-zero MD transitions, highlighting those lines that are most promising for experimental investigation. Using these results, we then analyze the effect of various host materials on the branching ratio of specific MD transitions. Additionally, calculations of electric quadrupole (EQ) transition rates and oscillator strengths have been carried out for completeness and to differentiate MDs from other higher order transitions.
II. METHOD
Calculations of MD transitions were made by first constructing a Hamiltonian for all 4f n electron configurations. The free ion Hamiltonian used is of the form: 3, 4, 6, 7, 8 
This Hamiltonian only considers valence electrons. The first term, H 0 , denotes the central field Hamiltonian that shifts the absolute values of the energy levels but not their respective spacings. Given that the scope of this paper concerns transitions between levels, and their respective rates, calculations do not include H 0 . For each subsequent term, the leading factor represents a radial fit parameter that is determined from experiment, while the trailing factor is an angular term that can be calculated explicitly from first principles. For instance, F k is the radial fit parameter for the electrostatic interaction, while f k is the calculated angular portion. The spin-orbit interaction is designated by ζ f and A so . α, β, and γ and their respective angular portions L(L + 1), G(G 2 ), and G(R 7 ) are the two-body interaction terms. Three-body interactions are denoted by T i and t i . A combination of both the spin-spin and spin-other-orbit interactions are encompassed in the M h and m h terms. P f and p f denote the electrostatically correlated spin-orbit interaction. Note that this Hamiltonian does not include terms to account for crystal field effects. Although such terms are necessary in the calculations of intra-4f n ED transitions, they constitute only a small correction for MD and EQ transitions, which are directly allowed in intermediate coupling. Therefore, the values calculated here are representative quantities that can be used to predict and analyze MD transitions in any host material.
After constructing the angular terms using the methods outlined in Appendix A, we then used radial fit parameters tabulated in Ref. 39 to construct the full Hamiltonian matrix. This matrix was subsequently diagonalized to yield the free ion energy levels and the |ψ[LS]J eigenstates. L,S, and J represent the total orbital, spin, and angular momenta, while we use ψ to denote all other quantum numbers necessary to define each state. Note that we place LS in brackets here to illustrate that they are no longer good quantum numbers; eigenstates in intermediate coupling are composed of a linear combination of different LS terms with the same total angular momentum J. Following standard conventions, we label each level in Russell-Saunders ( 2S+1 L J ) notation according to their dominant LS term(s). If no single LS term has a fractional contribution greater than 50%, then we label the level according to the two largest LS terms. Using the complete eigenstates, we perform subsequent calculations of oscillator strengths and transition rates between all levels. Thus, over the full trivalent lanthanide series (4f 1 −4f 13 ), we consider a total of 192,177 possible transitions, see Table I .
TABLE I. Number of terms, levels, and total transitions for given f n configuration. 
III. RESULTS AND DISCUSSION

A. Magnetic Dipole Absorption Lines
We first calculate the oscillator strengths for all ground state MD absorption lines in the trivalent lanthanide series. (The formulas used for this calculation are provided in Appendix B.) Our results found 468 non-zero MD absorption lines, including 84 transitions between 300 nm and 10 µm; the vacuum oscillator strengths, P ′ MD , of these transitions are plotted in Fig. 1 . Table II shows a list of the most prominent ground state absorption lines, restricted to the energy bounds and minimum oscillator strengths used in Table 1 Figure 2 , there are many strong MD transitions thoughout the ultraviolet, visible, and near infrared spectra. In addition to transitions which have been previously identified through ground state calculations or experimental characterization, there are many more MD emission lines which could be of practical interest.
In the ultraviolet spectrum, MD transitions in Er 3+ , Gd 3+ , and Tb 3+ are particularly strong. Of the seven strong near-infrared lines identified above, the four transitions between 700 and 1000 nm are the most promising candidates for immediate experimental study. Unlike longer wavelength transitions such as the 1.5 µm transition in Er 3+ , these MD transitions occur in a spectral region where they are still readily observed by silicon photodetectors. (For example, back-illuminated CCD cameras such as the Pixis 1024B from Princeton Instruments exhibit greater than 50% quantum efficiency up to 900nm.) Nevertheless, these transitions also occur at sufficiently long wavelengths that resonant plasmonic 
and nanophotonic structures can be readily fabricated.
For experimental studies, it will also be important to select appropriate host materials to maximize MD emission. In particular, to enhance the MD contribution to mixed transitions, it will be helpful for lanthanide ions to be substitutionally doped into centrosymmetric sites where ED transitions are strictly forbidden. Table IV shows the calculated MD branching ratios for the Yb 3+ 2 F 5/2 → 2 F 7/2 (976 nm) transition in different host materials. These calculations were performed by comparing the total decay rate (Γ total = 1/τ ), as inferred from experimental lifetime data in the literature, 62 with the MD Table III . 63 The MD branching ratio is thus defined as: 
C. Electric Quadrupole Calculations
In the multipolar expansion of light-matter interactions, MD terms are generally included in the same order as EQ terms, because they both scale with spatial derivatives of the electric field. Thus, a common question is to what extent EQ transitions compete with MD transitions. For completeness, we have calculated the oscillators strengths for all EQ ground state absorption lines and the spontaneous emission rates for all EQ emission lines. The EQ oscillator strengths and transition rates were found to be significantly smaller than those for MD transitions. The strongest EQ transition was the (
3+ with a vacuum emission rate of 0.17 s −1 . While the emission rate for EQ transitions scales with n 5 r , this rate is approximately 30 times weaker than the weakest MD transition presented in Table III . Most transitions mediated by EQ interactions have an emission rate on the order of 0.01 s −1 and would thus require significant enhancement to even be observed. Figures 3  and 4 show the vacuum oscillator strengths and emission rates, respectively, for EQ absorption lines and EQ emission lines. A complete tabulation of all 236 EQ absorption lines (Table S14 ) and all 3079 EQ emission lines (Tables S15-S25 ) between 300 and 1700 nm is provided in the Supplemental Material. 41 These calculations confirm that EQ transitions in trivalent lanthanide ions are negligible in comparison to the MD transitions calculated above.
IV. CONCLUSION
Using a detailed free ion Hamilitonian, we have calculated all non-zero MD ground state absorption lines and corresponding oscillator strengths throughout the full trivalent lanthanide series. These values are well documented in the literature, and we observed good agreement between our results and those found in Ref. 20 . Using this detailed Hamiltonian, we then calculated all non-zero MD and EQ emission lines and their respective emission rates for all trivalent lanthanide ions. Although the EQ emission rates were found to be negligible, our calculations revealed vastly more MD emission lines than previously identified by ground state calculations or experimental investigation.
In the specific spectral range from 300 -1700 nm, we identified 1927 MD transitions, including 117 lines with vacuum spontaneous emission rates A ′ MD > 5 s −1 . Of these transitions, four were identified as the most promising for experimental exploration: and Er 3+ , there are many permutations of ions and hosts in which MD emission can likely be observed. While further study is needed to find the most practical combinations, these comprehensive calculations provide a solid foundation from which to begin this search, and they provide a firm set of numbers with which to analyze future experimental data. The tabulated values may also be helpful in studying the potential role of MD transitions in more complex processes such as upconversion 69 and quantum cutting. 70 These same calculations can also help focus the design of optical structures to enhance MD emission. For example, emission wavelengths, transition rates, and branching ratios can be used as the starting point for simulating the effects of optical antennas and metamaterials on MD transitions. Combining these quantum-mechanical calculations with experimental measurements and electromagnetic simulations can expand the toolkit with which to access the naturally occurring MD transitions of lanthanide ions.
is necessary. This is accomplished by using the seniority number, which can take integer values from 1 to 7, indicating in which 4f n configuration a state first appears.
Electrostatic Interaction
The electrostatic interaction occurs between configurations with two or more electrons. This is a result of the Coulomb repulsion between the two electrons. It is calculated from two single electron wavefunctions. The electrostatic interaction is diagonal in both J and S values and the matrix elements are found using the following expression:
.
is the irreducible tensor defined by Racah, 72 and U (k) is the irreducible tensor tabulated by Nielson and Koster. 75 Since we are concerned with f n configurations, we used l = 3 for all calculations. Again, we are using the notation in which ψ represents all other quantum numbers that are not specifically mentioned.
Spin-Orbit Interaction
The spin-orbit interaction is, in essence, a dipoledipole interaction. The spin-orbit interaction is diagonal in J but not in L or S. We calculated this interaction using the following formula:
Here we are using the conventional notation for the Racah 6-j symbols and V (11) is the irreducible tensor tabulated by.Nielson and Koster 
Two-Body Interaction
For configurations with two or more valence electrons (or holes), 4f
2 to 4f 12 , two-body interactions are used to help correct for the use of single electron wavefunctions. The first term in this correction was discovered by.Trees 78 The other two terms are calculated using the Racah numbers and the Casimir operator G. 79 The eigenvalues of the Casimir operator on the groups R 7 and G 2 can be found in. 
